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Abstract 

We derive the current algebra of supersymmetric principal chiral 
models with a Wess-Zumino term. At the critical point one obtains 
two commuting super Kac-Moody algebra as expected, but in general 
there are intertwining fields connecting both right and left sectors, 
analogously to the bosonic case. Moreover, in the present supersym- 
metric extension we have a quadratic algebra, rather than an affine 
Lie algebra, due to the mixing between bosonic and fermionic fields 
since the purely fermionic sector displays a Lie algebra as well. 



Universidade de Sao Paulo 
IFUSP/P-1026 
January 1993 



*Work supported in part by CNPq 



1 



Since the discovery of higher conservation laws for integrable models, 
algebraic methods have been frequently advocated in order to display the 
structure of the dynamics of field theory. Higher conserved charges imply 
non trivial constraints for correlation functions, and one often finds such 
a strong algebraic machinery that a calculable S-matrix turns out to be a 
consequence. In the case of conformally invariant field theory, the Virasoro 
(and Kac-Moody) constraints fix all correlation functions. 

Current algebra for integrable non linear sigma models were, up to very 
recently [Q largely unknown. Nevertheless, the Yang-Baxter relations are 
the best tools to explore non perturbative properties of integrable models 
||. The starting point of the formulation is very generally the consideration 
of the Poisson brackets between the spatial part of the Lax pair, leading 
to a Lie-Poisson algebra containing an antisymmetric numerical r-matrix 
which obeys the Yang-Baxter relation. The Yang-Baxter relation leads to 
an (almost) unique S-matrix of the theory [|, fl[ p|, |I5[| . On the other hand, 
an algebraic strategy has also been effectively and successfully used in the 
case of 2-D conformally invariant theories, in order to compute correlation 
functions ||, as well as in the case of two dimensional gravity in the light 
cone gauge 0. 

Recently, the non linear a-model with a Wess-Zumino term has been 
studied in this context ||. The current, which corresponds to a piece of 
the Lax pair of the model ||, is shown to fulfill a new affine algebra. Such 
algebras have played an important role in several cases in field theory (see 
refs. [HJ and ["J I]). The hope is that after quantization we could be able to 



address to the problem of computing exact Greens functions, by means of 
higher conserved currents. 

In the present paper we consider the supersymmetric Wess-Zumino- Witten 



model [12|, [L3|], which is defined by the action 

S S usy(g,ip) = j (fxtrd^g^d^g + (1) 

+ Jo ^ l d2%tr 9r l dr9 g^d^r g^d^r + 

+— tr J d 2 x{^ - -(1 - (^) 2 )(^) 2 + i^g^g^j^} 

obtained from the superfield G(x,9) = g(x) + 9ip(x) + ^99F(x), satisfying 
the constraint G^(x, 9)G(x, 9) = 1, after integrating over the Grassman vari- 
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able 6 (see ref [[12|] for details, but noticing change in conventions see below 
and ref PU ). 

The second term in the right hand side of equation ([!]) is the so called 
Wess-Zumino term and only depends linearly on the time derivative of the 
field g. Hence it proves useful to rewrite it in terms of A(g), introduced 
in order to permit the canonical quantization of the theory [14], [Tj|, been 
defined in such a way that 

J dr J (fxe^ tr g~ x d r g r g~ x d^ r g~ x d v g r = J d 2 x tr A(g)d g (2) 

and 

dAij dAki „ _i _! _ x „ _! , , 

7^ ' Tig- ^ 9 * ~ 9il () !h > ■ (3) 



Ik 

-i 

1 



We shall use the following notation: a = ^Ar, e 01 = 1, 7 



7 1 = * ^, and 7 5 = 7°7 1 . When a = ±1 we have a super conformally 

invariant theory. Canonical quantization is straightforward, on account of 
ref || and [[14], we have the following canonically conjugated momenta: 

and 

were the first term in the right side at the equation (f|), is the momentum 
canonically conjugated to the field g in the principal chiral model only: 
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A 

with the following Poisson algebra: 



% = TI 9 V (6) 



{9ij(x),g k i(y)} = , (7) 
{U^lAlUil)} =0, 

{g i:j (x),n. 9 kl (y)} = 5 ik 5 jl 5(x l - y t ) , 
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{^ ij (x),ip k i(y)}+ = , 



{4(aO,nJ(y)} + = 0, 

{ip ij (x),Ut l (y)} + = 5 ik 5 j i5(x l -y x ) . 

However, as we have already mentioned this model has been obtained via 
a superfield formulation where we have imposed the constraint 

G\x, 6)G{x, 9) = 1 (8) 
which leads, for the fermion component, to the relation 

1>\j = -97k^ki9u ■ (9) 
In the phase space we have the constraint 

Qil = U U + ^ftmVm^H 1 (10) 



which must be implemented using the Dirac method [LlJ. The basic element 
of the method is the dirac matrix 



q = {nij(x),n k i(y)} = ^^^(£1 - yi) (u) 



satisfying 

dz{Vt i: j(x),Vt mn (z)}{Vt mn (z),Vt k i(y)Y l = 8 ik 8 j i8(x 1 - y x ) . (12) 



From Q we can obtain the Dirac brackets (notice that as we have 
{gij(x), &ki(y)} — the Dirac bracket of with any other field is the 
Poisson bracket itself). Writing the equation (||) for the field Ilf, instead the 
field IT? , they read: 

{9ij(x),9ki(y)}D = , (13) 



4 



{gij(x),ip k i(y)} D = , 
{g ij (x),Ut l (y)} D = 1 
{gij(x), U 9 H (y)} D = S ik SjiS(x x - y x ) , 
{U 9 i:j (x),U 9 kl (y)} D = {^(l-a 2 )[c/] fc n^VmnC/L - g\jltj^mngl k ] + ^F ji)lk }S(x x -y x ) , 

{Rij(x),i>kl(y)}D = -^{kk[g]m^ml-ag]ml^ral]+ 5 j7 [^fem^L+^fcmTS^L] l^^l ) 

ttti(y)}D = ^{glMj + H-iA - a[ntiJ59jk - ghs^tjWxi - yi) , 

2 A 2 

{^ij{x),^ki{y)}D = — -gugkj5(x! -y x ) , 



{^ ij (x),Ut l {y)} D = ^5ik5ji5{xx - y x ) 



where 



F ij,ki = (9uY(x)gl j (x) - glWigtjYix) . 

We are now ready to study the relevant algebraic properties of the super- 
symetric WZW theory. In analogy with the bosonic case |J , we consider the 
conserved Noether currents, which in the supersymetric case are given by: 



= T aMtf) ± (yt)0 + 1^(1 ± 75 )^]ta}(x) (14) 



and 

= -^{(1 ± T + ^ f (l ± 7fe)#.}(*) . (15) 

Here we introduced the notation with the indices of a basis t a of the 
Lie algebra G were the fields g are defined, with the structure constants f£ b 
defined as: 

[iaj^ft] — fab^c 

and any field J±°a L is defined as: 

J«° a rL = (J±,t*° rL ) = -tr(J*° rL t a ). 

In addition, it is important in the case of theories containing fermions to 
introduce the fermionic currents: 



and 



tr#(l=F 75)^4] (x) (16) 



^(z) = -±- A tr[^{lTl^t a \{x) . (17) 

Since we know, from the case of the study of supersymetric non local 
charges, that the above purely fermionic objects do also show up indepen- 



dently [13], [T7], |T!| of the currents |fTD |. Moreover, there are also intertwining 
operators already in the bosonic case || ||], which are described by the fields 

3ab{x) = -^tr[gh a gt b }(x) . (18) 
In the case of supersymetric theories we have also the fermionic partner 



,,R , s 1 

r 

and 



fljx) = -tr[gU^t a gt b ](x) (19) 



J 1pL ±, ab ^) = ^[gh a gt L ± t b }(x). (20) 

We shall see that after coupling bosons with fermions, an infinite number 
of fields will be present, as a consequence of a quadratic algebra, which is 
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absent in the purely bosonic, as well as in the purely fermionic models. We 
introduce 

= -^tr[gh a i%gt c ](x) , (21) 
K ±, a J x ) = -^tr[gh a gt b iit c ](x) , (22) 
Y ±, ab J x ) = ^tr[gH a gt b gU%gt d ,}(x) (23) 

Y £,abcd( x ) = ^ tr \9 ] ta9t b gh c gi L ± t d ]{x) . (24) 

We are now in position to write down the full algebra. The purely right 
sector is very simple. For the purely left sector one substitutes (R — > L) and 
a — > —a. We have: 

{Jf >o (x), j£ b (y)} = ~(1 =F «)/ a c fc {(3 ± a) Jf c - (1 =F a) J* c + (25) 

A 2 

+y(l T a)[(3±2a-a 2 )2^ c -(5 T 2aW)^J}5(a: 1 -y 1 )±2(l T «) 2 ^ / (^i-l/i) , 
{4 fi fl W. = ~fSt{(l - a) 2 ^ + (1 + a) 2 J* c + (26) 



-(l-« 2 ) 2 y[^ c + ^J>^-^)' 

{i* », Jf >)} = -^(1 =F «) 2 / a V±/(^i - Vi) , (27) 

J* 6 (y)} = 1(1 ± a) 2 /^/(xi - yi) , (28) 

= " Vi) , (29) 

{<f ia (x),<? i6 (y)} = 0, (30) 
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where 



Vab = (t a ,t b ) = --^tr(t a t b ) 



Notice that the intertwining operators did not appear at all up to this 
point, The mixed sector is more involved. We have: 

{Ji a {x),Jt b {y)} = ±(l-a 2 )[(l± a ) Jab (x) + (lTa)jab(y)]S'(x 1 -y 1 )+ (31) 



Vl a (x), J^ b (y)} = (1 - a*)[ T (l =F a)f ab (x) + 
■(1 T a) (3 T a)[f R ab + f R +ab - f L _ ab - J]*(*i - y x ) 



(32) 



{il », J L ± b (y)} = -(1 - « 2 )[j^ ab - /f - yi ) 



(33) 



J^(y)} = i(l =F a)(3 =F a)[f L ±ab - fljd(x 1 - Vl ) , (34) 



{iljx), Jf , 6 (y)} = --(1 - a 2 )[/± 6a - /± J5( Xl - W ) , (35) 



{*£ far), J* .(y)} = -i(l±ot)(3± e*)[/±, - J^m - W ) , (36) 



T ,b 



(37) 



We see now in equations (|3lj ^ ) the explicit appearance of the bosonic 



intertwiners as well the fermionic one in equations ([51], [32], [33], |34], |35], [36 



37|) . Notice also the simplicity of the purely fermionic components brackets. 
In the critical case, a —>■ +1 we see that a whole sector decouples completely, 
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the same being true for a — > — 1. We have in that case a super Kac-Moody 
algebra, as expected, and the model is completely soluble. In fact, the con- 
served charges can be used in order to provide a complete solution of the 
Green functions, the only missing ingredient with respect to our computa- 
tion being the super Virasoro generators. We finally write down the part of 
the algebra involving the intertwiners. We have: 

{ >), j bc (y)} = "(I ± a)fij bd S(x 1 - Vl ) , (39) 

{Jl a (x)J bc (y)} = "(I =F «)/ a W(*i - I/O » (40) 
{job(x),j cd (y)} = 0, (41) 

O'«*(^),i± lC (y)} = 0, (42) 
{Ja b (x),t* c (y)} = 0, (43) 
a 6 (x),/f»} = 0, (44) 



{/S>U±>)} = -i(l±«)[2j^- fe -(l±a)j^^ c -(lTa)^ ia J5(x 1 -y 1 ) , 

(45) 



= -^(lT«)[2i^ 55)b +(lT«)/^ iC -(3 Ta )^ a J5(x 1 -y 1 ) , 

(46) 



(47) 



(48) 
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where 



{fljxUiM = -yyli*, c - K L ±ab M*i - Vi) , (49) 
0^>0,i£>)} = 0, (50) 



{J^>),i?>)} = 0, (52) 



ifla^flM) = Y 2 [Ki^ d - K«- bd \5{ Xl - yi ) , (53) 
{J^>),^,»} = 0, (54) 



',-R / \ .,/,-R /xt 1 



{/± tt6 (*),/± Jv)} = p[^ a6cd - ^^xi - m) , (55) 

{/2>)>/S>)} = (56) 



.,l,R 



U*±Jij = ^(9^±tahgk 

1 
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A 2 



X 2 

It is clear now that the algebra is quadratic. Therefore, a new structure 
arises in the case of symmetric theories involving the WZW term. Indeed, 
integrability of the bosonic model M, |TU| is not clear in the supersymetric 



case 



|12| . However it is certainly true that for a = the theory must be 
integrable. Indeed, there is a considerable simplification, but the algebra 
obtained is still quadratic. 

Acknowledgement: the authors wish to thank prof. Michael Forger for 
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